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It is shown that the magnitude of nonlinear nonreciprocity, self-induced by counterpropagating laser beams, is related to the anisotropic properties of the nonlinear third-order susceptibility (resulting in the light-induced birefrin-

gence and gyrotropy) and therefore is sensitive to the mutual arrangement of polarization of both of the beams.
The invariants of nonlinear wave equations suggest an existence of mutual eigenarrangements

of polarization with

different relevant eigennonreciprocities. By using this effect, a nonreciprocal spectroscopy of the anisotropic nonlinear susceptibility may be developed.

induce intensity-dependent nonreciprocity, which has

of polarization of each of the beams remains unchanged
as the beams propagate through the nonlinear medium.
Each of these four eigenarrangements has a different
relevant eigennonreciprocity. This is caused solely by
the anisotropy of nonlinear susceptibility and therefore
by the physical mechanism of nonlinearity. For some
configurations, the nonlinear nonreciprocity can even
change sign. The set of four independent measurements of eigenvalues of nonlinear nonreciprocity (for
four different mutual eigenarrangements of polarization) can provide substantial direct information about
components of the tensor of nonlinear susceptibility.

been shown to be due to formation of a nonlinear index

Therefore this effect can be used as a novel spectro-

grating. This is a manifestation of the known fact that
nonlinear components of susceptibility are different for
each of the beams.5 -7 Under some conditions, this ef-

scopic tool for measuring components of the nonlinear
tensor. It is obvious also that the results obtained have
important implications for optical gyroscope applications and for degenerate four-wave mixing.
We consider two optical beams with the same fre-

Nonreciprocity of wave propagation (which results,
e.g., in a different speed of forward- and backwardpropagating light beams) is related to the fundamental
issues of the electrodynamics of continuous media. In
linear electrodynamics, nonreciprocity occurs in rotating or moving media (the so-called Sagnac and Fizeau
effects,' respectively; the Sagnac effect is currently used

for such applications as optical rotation sensors and
laser gyroscopes 2 ) or in gyrotropic materials.

It was

suggested recently3' 4 that counterpropagating laser
beams in a Kerr nonlinear (nongyrotropic) medium can

fect can result in a dramatic enhancement 3 of the Sagnac effect (in a rotating ring resonator) as well as in a

directional bistability.4 Subsequently, the nonlinear
nonreciprocity was experimentally observed,8' 9 and
different ways to eliminate its influence in the existing

laser gyroscopes were discussed. 9- 1 '
In this Letter, we demonstrate for the first time to our

knowledge that nonlinear nonreciprocity (for some
specific mutual arrangements of polarization of the
beams) becomes sensitive to the anisotropy of nonlinear

susceptibility. This anisotropy is strongly affected by
the mechanism of nonlinearity. In materials having
third-order nonlinearity because of the Kerr effect, a
nonlinear susceptibility is anisotropic, which provides
for the light-induced birefrinence and gyrotropy.'2 -15
In such a case, the nonlinear susceptibility is a tensor.
On the other hand, materials with non-Kerr nonlinear
mechanisms

(e.g., electrostrictionl3-1

5

) may demon-

strate isotropic behavior. In the general case in which
nonlinearity is due to the combination of two or more
mechanisms, the anisotropic properties of the nonlinear
susceptibility may vary substantially.
In this Letter, we show that the invariants of non-

quency, which are counterpropagating along axis z, such

that the total (complex) electric field is
E = [El exp(ikz) + E 2 exp(-ikz)] exp(-iwt).
[The total real field is (E* + E)/2, where an asterisk
denotes complex conjugation.] Here El and E2 are
envelope vectors of forward and backward waves, respectively; both of them are complex, slowly varying
with respect to exp(ikz), and arbitrary polarized.
Based on the results of Ref. 12,it could be shown that,
in a general case of an arbitrary type of third-order

nonlinear susceptibility, the nonlinear (complex)
component of electric displacement DNL can be expressed as
DNL = coX[AE(E *E*) + BE*(E *E)],

(1)

where cois the linear electric permittivity of the medium, X is a constant of nonlinear interaction for a single

linear wave equations suggest an existence of four mu-

linearly polarized plane wave, and A and B are dimensionless constants characteristic of the particular
mechanism of nonlinearity. In a lossless medium, A
and B are real quantities, and A + B = 1. In the case

tual eigenarrangements of polarization of both of the
beams. For each of these eigenarrangements, the type

of the pure Kerr effect, in liquids 6' 1 3 (e.g., CS 2) B/A =
3, i.e., A = 1/4, B = 3/4; in crystalsl 2 B/A = 1/2, i.e., A
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= 2/3, B = 1/3; and for electrostrictionl

3

-15 A = 1, B =

0. Therefore the coefficient B may vary significantly.
If B # 0, Eq. (1) suggests an anisotropy of nonlinear
susceptibility XNL (which results in a light-induced
birefringencel 2 -' 5 ).

Equation (1) could then be ex-

pressed in the form of a tensor relationship, DjNL =
EOxikNLEk, where Xik NL is a symmetrical tensor:
XikNL= x[B(EiEk*+ Ei*Ek)+ (A- B)I2kbi].
(2)
bik = 1 for i = k and bik = 0 for i 5z k, and I, =
IE. 12 + IEY12+ IEz 1 2. One can see that constant B is
responsible for the induced anisotropy. Now, substituting Eq. (1) into the Maxwell equations, and taking
into consideration that the field E consists of two

Here

counterpropagating

waves, one can get wave equations

for both of these waves. In doing that, we assume a
conventional approximation of slowly varying envelopes

as well as neglect the generation of highest-order harmonics, i.e., drop higher-order terms such as exp(±3iwt
± 3ikz) altogether. This is conventional in nonlinear
index-related phenomena, such as self-focusing,16
self-induced birefringence and gyrotropy,12 -' 5 optical
bistability,17 switching at nonlinear interfaces,18 and
four-wave mixing.19 Finally, one gets the equations for

envelope vectors Ej (j = 1, 2) of both of the counterpropagating waves:

2i(-1)i dE1 + _ DjNL[E,(z);
E2(Z)]= 0;
dz

E,,

j = 1, 2.

(3)

2(1 + B)I(El - E2

*)12

12+

3B I (El - ED

12 =

inv, (7)

+ 3B[J(El *E1)12
+ I (E2 - E 2)12]

=

inv.

(8)

Invariants (6) describe a separate conservation of an
energy flow in each of the beams (and, therefore, the
absence of energy exchange between them), whereas
invariants (7) and (8) are apparently related to the
conservation of a momentum flux of the entire field.6
For arbitrary intensities and types of polarization of
the beams, Eqs. (3) are far from being readily solvable.
Both of the beams, if sufficiently strong, affect each
other, causing mutually induced rotation of axes of
polarization (which is of the same nature as induced
gyrotropyl2 ), transformation of linear polarization into
an elliptical one and vice versa, etc. Under condition
x\II 2Lk , 1, the system may exhibit bistability and
multistability of exiting polarization, spatial instabilities, and periodic (and even chaotic) spatial distribution
of polarization. However, such does not need to be the
case where the observation of the nonlinear nonreciprocity for different polarizations is concerned.

Indeed,

examination of invariants (6)-(8) along with Eq. (3)
reveals that, for TE waves (Ezj = 0), there are at least
four types of incident polarization arrangements for
which the polarization of both of the waves remains
unchanged during propagation as long as these arrangements exist at least at one spatial point. These
arrangements are as follows: Both of the beams are
linearly polarized [i.e., I (Ej - Ej) I = Ij with vectors El
and E 2 either parallel to each other 3 [i.e., I (E1 - E2 ) 12 =
11I21,or orthogonal to each other [i.e., (El - E 2 ) = 0];

both of the beams are circularly polarized [i.e., (Ej - Ej)

Here

= 0] with either corotating [i.e., (El - E2 ) = 01 or coun-

DjNL = (DNL(Z) exp[ikz(-1)j]),

(4)

where angle brackets denote averaging over the distance
27r/k, i.e.,
DjNL =

(I - 2B) I(El - E2*)
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e.XAjEj[(El -El*) + (E2 - E2 *)]
+ E3 .j(Ej - E3 j*)l + eoxB[2E3 -j*(Ej - E2 )
+ Ej*(Ej - Ej)];

j = 1, 2. (5)

The solution of Eqs. (3) must satisfy boundary conditions at both of the faces of a nonlinear layer of the
thickness L: E,(z = 0) = El,; E2 (z = L) = E2L. In the
case E2 = 0 (or El = 0), Eqs. (3) and (5) determine
one-directional self-interaction of a plane wave, in

particular, light-induced gyrotropy, i.e., self-rotating
of the main axis of elliptic polarization if the incident

wave is slightly elliptically polarized.12"15 In the case
when both of these vectors E1 and E2 are linearly polarized and parallel to each other, Eqs. (3) and (5) provide
for nonlinear nonreciprocity 3 4, with X1NL - X2 NL = X(W2
- I,), where Ij = IEj 12 (i.e.,I1 and I2 are the respective
intensities of both of the waves). In the case of a lossless

medium (X, A, and B are real; A + B = 1), our analysis
of Eqs. (3) shows that they have at least four invariants:

[El(z) -El*(z)] = inv = I,,
[E2 (z) - E2 *(z)]

=

inv = 12,

(6)

terrotating [i.e., (El - E2 *) = 0] directions of circular
polarization.
All these arrangements may be regarded as mutual
eigenarrangements of the polarization of the counterpropagating beams for any tensor of a third-order
nonlinear susceptibility. For all these eigenarrangements, the vector of nonlinear partial displacement, Eq.
(5), can be expressed as DjNL

=

EoXjNLEj

(j = 1, 2),

where XjNL are different scalars pertinent to the respective eigenarrangements.

Making use of Eq. (5), one

can see that in these cases the partial nonlinear
susceptibilities XjNL relevant to the respective waves
Ej are

XjNL=X[cIj + (a + W)I3-j],

j = 1, 2,

(9)

and thus the nonlinear nonreciprocity is
XNR=

NL -X2NL

=XW2-IDI

(10)

2

where Ij = IEj 1 and

(1) a = 1 and 3 = 1 if the beams are linearly polarized with El and E2 parallel to each other,
(2) a = 1 and ,B= -B if the beams are linearly
polarized with El and E 2 orthogonal to each other,
(3) a = (I - B) and , = (1 - B) if the beams are
circularly polarized with El and E 2 corotating, and
(4) a = (1 - B) and 1 = 2B if the beams are circularly polarized with El and E2 counterrotating.
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In the case of the pure Kerr effect in liquids, for instance, B = 3/4, the ratio of magnitudes 1 of nonlinear
nonreciprocity for these respective eigenarrangements
is 1:(-3/4):(1/4):(3/2), which therefore should be valid,
e.g., for CS2 and some other organic liquids.' 3 For

crystals (B = 1/3) the respective ratio is 1:(-1/3):(2/
3):(2/3), whereas for electrostriction

it is 1:0:1:0.

Clearly, these relationships indicate potentials for
novel, nonreciprocal spectroscopy of nonlinear mechanisms in different materials. Independent measurements of nonlinear nonreciprocity, Eq. (10), with fixed
intensities I, and I2 for four different eigenarrangements of polarization provide four numbers, which allow

existence of the field invariants and mutual eigenarrangements of polarizations of beams also has important

implications in the theory of degenerate collinear
four-wave mixing,' 9 indicating new opportunities for
exact analysis of the pertinent equations and suggesting
new polarization arrangements for experiment.
I appreciate useful discussion with R. A. Bergh concerning the magnitude of B for different materials.
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