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Multistable Self-Trapping of Light and Multistable
Soliton Pulse Propagation

A. E. KAPLAN

Abstract—It is demonstrated that a nonlinear Schriodinger equation
with certain nonlinearities allows for an existence of multistate single
solitons (i.e., single solitons with the same carried power but different
propagation parameters). In nonlinear optics, these solitons may exist
either in the form of short bistable pulses, or bistable self-trapping (both
two- and three-dimensional).

I. INTRODUCTION

N this paper, we consider two closely related (from the

mathematical standpoint) problems relevant to the non-
linear light propagation:

1) CW seif-trapping of light in infinite (or semi-infi-
nite) media with a nonlinearity which allows for the for-
mation of a spatially steady self-channel [1]-{4], and

2) pulse propagation of a plane wave envelope in a me-
dium {4]. [5] (or of a confined single mode in an optical
fiber waveguide [6]) with an appropriate nonlinearity and
frequency dispersion which allows for the formation of a
single nondispersive pulse (soliton).

Both propagation situations are governed by the same
kind of a wave equation, the so-called nonlinear Schrodin-
ger equation [7]. Under the appropriate conditions, this
equation may have a singular nondispersive solution (a sin-
gle soliton), which corresponds to either a self-channel [in
the case 1)] or a single pulse [in the case 2)]. One of the
main properties of these single solitons of the nonlinear
Schrodinger equations studied to data is that their propa-
gation characteristics (such as the propagation constant of
the channe! or the speed of the pulse, the transversal size
of the channel or the time duration of the pulse) are single-
valued functions of the total power carried by the soliton
(either the channel or the pulse). This holds particularly
true for Kerr-like nonlinear media.

The purpose of this paper is to demonstrate that for a
certain class of nonlinearities, the propagation character-
istics of a single soliton become multivalued. This implies
that there is more than one possible propagation constant
(and respectively more than one possible size of the inten-
sity profile) of the single soliton for the same total power
carried by it. We shall call such a soliton a multistate so-
liton (or multistable soliton if more than one of its steady
states 1s stable).

We show that the existence of the multistate solitons of
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Fig. 1. A propagation constant § versus the total power P carried by the
soliton. Curves 1-5 corresponds to various functions of nonlinearity: 1—
step-function (13); 2—f = a,I” + a:1” — a,I*. (a.. a:. a; > 0): 3—
(18) with @, a; < a3S,.: 4—(18) with @, a; = a3S_,: S—Kerr-nonlinearity,
f o 1. The broken lines at curves 1-3 correspond to the unstable solitons.
In the insertion, the intensity profiles /(x) are depicted of solitons that
carry the same power but correspond to different branches of function
8(P)—upper branch (U) and lower branch (L).

the (generalized) nonlinear Schrédinger equation (Section
II) is related to the type of dependence of the nonlinear
susceptibility on the intensity of light. For example, the
multistate soliton waves cannot be observed in a Kerr-like
nonlinear medium; they may exist only if the nonlinear
component of the susceptibility as function of intensity is
either changing its sign or if its derivative has a suffi-
ciently sharp peak (e.g., is a step-like function [8]). This
may be, e.g., due to such mechanisms as either a light-
induced phase transition in a material or multiphoton sat-
uration of resonant levels (see Section V below).

The existence of the multistate solitons as a new prop-
erty of the nonlinear Schrodinger equation is of consider-
able interest to soliton theory in general and may find ap-
plications in various fields. It would be most natural,
though, to envision these solitons as a novel, very inter-
esting optical bistable or switching effect. This may be
illustrated using an example in which a laser beam prop-
agates in the nonlinear medium (capable of supporting
multistable self-trapping), and the total power of the beam
is the lowest required for self-trapping. If the incident
power is now slowly increased (for the sake of simplicity
we assume also that the intensity profile of the incident
beam is constantly adjusted to maintain a spatially steady-
state self-channel), at some critical power the beam loses
its stability (see, e.g., Fig. 1, curve 3). As a result, its
propagation constant jumps to the upper branch (and its
size drastically decreases, see insertion in Fig. 1). If after
that the incident power is decreased, the reverse jump will
happen at the lower power. This results in a hysteresis.
For some kind of nonlinearities (see Sections 111 and V
below), the first jump may occur from nontrapped prop-
agation to the self-trapped phenomenon. The switching of
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