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Ultimate Bistability: Hysteretic Resonance of a
Slightly-Relativistic Electron

A. E. KAPLAN

Abstract—It was recently predicted by us that cyclotron resonance of
free electrons in vacuum and conduction electrons in semiconductors
may exhibit bistable and hysteretic behavior which is due to the relativ-
istic mass-effect (or pseudo relativistic—in semiconductors). Consistent
with this prediction, the hysteretic cyclotron resonance of a trapped
single electron in vacuum has recently been experimentally observed by
Gabrielse ef al. A preliminary estimate shows that their experimental
results are consistent with the relativistic nature of the observed hys-
teresis. In this paper we consider this phenomenon as ultimate bista-
bility since it is based on the most fundamental mechanism of nonlin-
earity (the relativistic mass-effect), involves the interaction of an EM
wave with the simplest single elementary particle, and exhibits
the first known intrinsic bistability with no macroscopic optical feed-
back. We also show that a hysteretic resonance of a single electron based
on relativistic effects is feasible also in a parabolic potential (with no
magnetic field required to attain a resonance).

INTRODUCTION

PTICAL BISTABILITY {1] is a rapidly expanding

and promising field in nonlinear optics which offers
both new insights in nonlinear interactions of light with
matter and potentials for superfast switching devices for
optical computers and optical signal processing. There-
fore, the fundamental physical problems related to that
phenomenon have become important as well. One of the
interesting questions is: what is the ultimate physical level
of bistable interaction of light with matter? Is it feasible to
realize (and possibly, to exploit) the bistable interaction at
the microscopic level?

Recently it was predicted by us [2] that even a slight
relativistic mass-effect of a single free electron may result
in large nonlinear effects such as hysteresis and bistability
in cyclotron resonance under action of an electromagnetic
(EM) wave. This effect may be viewed as the ultimate and
fundamental one in many respects as follows:

1) it suggests the bistable interaction of an EM wave
with the single simplest microscopic physical ob-
ject—an electron;

2) the nonlinearity that makes the bistable interaction
possible is based on one of the most fundamental
physical effects—a relativistic change of electron
mass;

3) it offers bistability based on the intrinsic property
of an microscopic object rather than on macroscopic
optical feedback in a nonlinear medium.
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Very recently, consistent with this prediction, the hys-
teretic (bistable) cyclotron resonance of a free electron has
been discovered by Gabrielse et al. [3] in an experiment
in which a single electron has been trapped in a Penning
trap for the period of time as long as 10 months. The elec-
tron was weakly confined in a Penning trap and oscillated
in a direction which is orthogonal to the cyclotron motion
with a frequency that was measurably shifted in propor-
tion to the electron’s kinetic energy. Our preliminary es-
timate shows (see Section II) that the experimental results
are consistent with some of the theoretical predictions
which confirms the relativistic nature of the hysteretic ef-
fect.

In [2] it was also suggested that the analogous effect
(i.e., hysteretic cyclotron resonance) can also be expected
in semiconductors with a narrow energy gap between con-
duction and valence bands. This problem was later ad-
dressed in [4]. In semiconductors, the mass-effect re-
quired for the hysteretic resonance is attributed to the
nonparabolicity of the semiconductor conduction band
which causes a pseudorelativistic dependence [5], [6] of
the effective mass of conduction electrons on their mo-
mentum or energy.

In both the cases (i.e., free-space electrons and con-
duction electrons), the hysteretic resonance is attributed
to 1) the dependence of the cyclotron frequency of forced
oscillations on the relativistic mass of the electron, and
hence on its momentum (or kinetic energy), and 2) the
presence of finite energy losses (in particular, the most
fundamental losses which are due to the EM radiation of
rotating electron). The fact that the frequency of cyclotron
motion is decreasing as the kinetic energy of the particle
increases, is well know in the theory of the cyclotron res-
onance at relativistic energies [7]. This fact led to the syn-
chrotron [8] and synchro-cyclotron [9] principles of par-
ticle acceleration. The decrease of the frequency of particle
rotation (which is due to the increase in the particle en-
ergy) in the synchro-cyclotron is compensated by a cor-
responding decrease of the frequency of the applied voit-
age with time.

Although the effect of the relativistic change of cyclo-
tron frequency was discussed basically in application to
ultrarelativistic particles [7]-[9], it is obvious that it holds
true for any energy of cyclotron motion. From an experi-
mental standpoint, the problem was that at low kinetic en-
ergy the effect becomes very small since it is proportional
to B% (where 8 = v/c) if B2 << 1. However, with the
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