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Abstract

The generalized nonlinear Schrodinger equation with certain nonlinearities allows for the existence
of multi-stable single solitons (i.e., singular solitons with the same carried power but different profiles
and propagation parameters). Some of these new solitons are absolutely unstable, whereas the rest fall
into two classes of either “‘weekly” (i.e. stable against small perturbation) or absolutely stable solitons
(the so called “robust” solitons that are stable against arbitrary perturbation, in particularly in the
form of collision with another large soliton). The criteria for both weak stability and robustness are
suggested and tested in computer simulations for various models of nonlinearity. In nonlinear optics,
these solitons may exist either in the form of short bistable pulses, or bistable self-trapping (both two-
and three-dimensional). The recent research shows that the bistable solitons can be switched from one
stable branch to another and that the originating nonlinear equation passes the Painleve test for com-
plete integratibility.

* * * * *

It was recently demonstrated by us (1 that for a certain class of nonlinearities, the soliton solution
of the (generalized) nonlinear Schrodinger equation becomes multi-stable. This implies that more than
one amplitude profile and speed of propagation of a singular soliton may exist for the same amount of
the total power carried by the soliton. The existence of multi-stable solitons is related to the type of
dependence of nonlinear susceptibility on the intensity of light. For example, the multistable solitons
waves cannot be observed in a Kerr-like nonlinear medium; they may exist only if the nonlinear com-
ponent of the susceptibility as function of intensity is either changing its sign or its derivative has a suf-
ficiently sharp peak (e.g. is a step-like function). Most recent research (2-9] by Enns, Rangnekar, and
Kaplan confirmed that they are indeed solitons having new and very interesting properties.

Consider the generalized nonlinear Schrodinger equation for the complex amplitude of field E in
the form

2i 0E/0z + O’E/ox + Ef(|E|H) =0 (1)

where f(I) is an arbitrary function of the intensity I= |E|% with f(0) = 0. When f(I)=al,
(a = const), Eq.(1) is the so called cubic nonlinear Schrodinger equation =8 (which corresponds to
Kerr-nonlinearity in optical propagation). In the case of two-dimensional self-trapping, 6 7 is a normal-
ized axis of the soliton propagation and x is a normalized transversal axis (both of them are dimension-
less and correspond to the real coordinate z and x multiplied by the wave number k = wn/c). The
one-dimension pulse propagation along the z; axis in the slightly dispersive medium or optical fiber &
with the group velocity v = dw/dk and a nonlinearity f;(|E|2), can be described by the same Eq.(1),
where now z = z; k? dv/dw, x =k v (t — 2;/v), and f = k f; /(dv/dw) . In both of the cases f is pro-
portional to the normalized nonlinear (i.e. intensity dependent) component AN of the dielectric con-

stant € of medium. The first three invariants (i.e. quantities independent of z) of Eq.(1) are found ) to
be
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corresponding to conservation of the total power, total ‘‘transverse” momentum and ‘‘transverse”
energy of the field respectively.
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The stationary solutions (in particular, singular solitens) of Eq.(1) have nonvarying intensity pro-
file, 0 |E |2/8z = 0, i.e. such solutions are written as

E(x , z) = u(x) exp( i62/2 + i¢),

where u(x) is the real amplitude, ¢ is some real constant phase, and § is an (unknown) real speed (or
propagational constant) of the soliton. Thus, the equation for u(x) is:

d?u/dx? + u[f(u?) — 8] =0 (@)
whose soliton solution must satisfy the condition u — 0 as |x| — co in order for the total power
P= °f° u?dx to be limited. This provides for the first integral of Eq. (2) in the form bl

-~ u
(du/dx)? =2 [ u[6 — f(u?)]du (3)
0

integration of which determines the soliton amplitude profile u(x) for each particular § and f(u%). The
respective integrals can be analytically evaluated only for some particular functions f(uz) which may not
be done in general case of arbitrary f(u2). In order to evaluate a total power P, however, one needs not

to know an explicit form u(x). Indeed, by making use of Eq. (3) and bearing in mind that u? =1, one
shows that [!

1(6)
P(8) = { di/v&=F{I), (4)

1
where F(I) =I7'f f(I) dI, i. e. P is determined immediately by f(I) and 6. In Eq (4), I,,() is a peak
0

intensity of the soliton; it is defined as a minimal positive root of the equation F(I) = 6. The multista-

bility of a single soliton arises when the function §(P) implicitly determined by Eq (4) becomes mul-
tivalued (see Fig. 1).
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Fig. 1. A propagation constant § versus the total power P carried by a single soliton (a) for
different models of nonlinearity f as function of the field intensity I (b). “Step” function, Eq. (5),
(curve 1 in (b)) and "smooth step” function, Eq. (7), (curve 1a in (b)) result in the same kind of
behavior (curve 1 in (a)); the “square” model (i.e. f(I) = o(I?) as I—0) with saturation (curve 2 in
(b)) results in the hysteretic jumps as in curve 2 in (a); the model, Eq. (8), (curve 3 in (b)) and
“linear & smooth step” model, Eq. (9), results in truly hysteretic behavior, curve 3 in (a), with
curve 3a in (a) corresponding to the critical relation between parameters of nonlinearity; Kerr-
nonlinearity, f(I) proportional to I, (curve 4 in (b)) gives rise to nonhysteretic behavior (curve 4 in
(a)). The broken lines at curves 1-3 in (a) correspond to the unstable solitons. In the insertion
in (a), the intensity profiles I(x) are depicted of solitons that carry the same power but
correspond to different branches of function §(P) - upper branch (U) and lower branch (L).






